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Summary 
 

Offset-to-angle transform is the key element to all reservoir characterization and analysis work. We present a ray-based 

approach to convert offset domain prestack seismic data into angles. From any given time sample, we ray-trace through the 

medium to the corresponding source and receiver locations and compute the ray-path length, travel time, offset, and the angle 

mute for a given angle. We then search for the offset traces that are within the angle mute, locally fit a polynomial to obtain the 

times corresponding to those offsets and partially stack those offset trace samples to obtain the corresponding zero offset angle 

domain response. It is straightforward to compute both primary (P-P) and converted wave (P-S) angle gathers using this 

approach. Although we present our method for a horizontally stratified VTI medium, it can be easily extended to arbitrarily 

anisotropic dipping layers. Computing theoretical offset domain seismograms for a variety of models and converting them to 

angles, we verify that we are able to extract accurate response out to large angles. Our new ray-based transform will be useful 

for AVO/AVA analysis. In addition, it will also be useful for computing accurate angle gathers from observed seismic data and 

iteratively matching them with synthetic angle gathers in a prestack single or multicomponent waveform inversion for dipping 

anisotropic medium. 

 

 

Introduction 
 
P-P and P-S reflection amplitudes as functions of incidence 
angle can be calibrated to subsurface lithology and 
reservoir fluids. Consequently, an accurate offset-to-angle 

transform is important for all seismic reservoir 
characterization studies. 
 
Current approach to an offset-to-angle transform is based 
on the work by Todd and Backus (1985) and Resnick 
(1993) among others. In this procedure, the angle θ for any 
time sample t is computed from the relation 
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In equation (1) x is the source to receiver offset, vsmooth  is a 
spatially varying velocity function derived by smoothing 
the stacking velocities over a cable length,vint is the interval 

velocity obtained from vsmooth, and t0 is the two way zero 
offset travel time. Input prestack seismic data are first 
compensated for geometrical spreading loss and corrected 
for normal moveout (NMO). Using equation (1) the source-
to-receiver offset x corresponding to a given angle θ for a 

given time sample is then computed. The seismic trace 
values for that time sample for the range of offsets lying 
within the angle mute are then partially stacked to obtain 
the response for that given angle and for the given time 
sample. Repeating this operation for all time samples and 
for all desired values of angles then produces the 
anglegather. Although such an offset-to-angle transform is 
for horizontally stratified layers, it can be extended to 

include dips following the steps given by Resnick et al 
(1987). 
 
Above procedures for offset-to-angle transform for 
isotropic layers can be also extended to anisotropic layers 
by replacing vsmooth with the corresponding anisotropic 
stacking velocity (Mallick, 2008). It must however be noted 
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that for anisotropic medium the angle θ is the group angle, 
not the phase angle (for details, see Mallick, 2008). 
 
For P-P reflections, the offset-to-angle transform computed 
using the above method produces reasonable results for 

isotropic medium. Its accuracy however, rapidly diminishes 
with increasing angles for anisotropic medium. For P-S 
reflections where the NMO equations are complex, such an 
offset-to-angle transform does not produce reasonable 
results even for small angles. 
 
Primary purpose of this paper is to present a ray-based 
offset-to-angle transform that can extract accurate angle 

domain response for anisotropic medium for both P-P and 
P-S reflections 
 

Background Theory 

Assume a transversely isotropic medium with a vertical 
axis of symmetry (VTI medium). In the linearized theory of 
elasticity, six independent components of the stress tensor 

are linearly related to the six independent components of 
the strain tensor as in equation (2)     
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Five independent elastic moduli for a VTI medium are 
therefore C11, C33, C44, C66, and C13. The phase velocity for 
a VTI medium can be obtained from the solution of the 
Christoffel equation (Auld, 1973). Consider a plane wave, 
propagating in the x-z plane with a given phase angle θ. P-
wave phase velocity VP (θ) and S-wave phase velocity VSV 

(θ) can then be derived from the solution to the Christoffel 

equation as (Thomsen, 1986) 
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The parameters α0 and β0 in above are the vertical P-and the 

S-wave velocities. The inverse of phase velocity is the 

slowness. Computing slowness for a range of phase angles 

produces the slowness surface, a section of which in an x-z 

plane is pictorially represented in Fig. 1. At any point on 

this slowness surface, the group velocity vector Vg is 

directed along its normal with magnitude as given in Fig. 1. 

 

Using Fig.1, the group velocity and group angle either for 

P- or S-wave can be derived as 
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In equations (5)-(6), x̂ and ẑ are the unit vectors along x 

and z axes respectively and VPh (θ) is the phase velocity of 

either P-or S-wave. While the equations (3) and (4) are for 

a VTI medium, equations (5) and (6) are valid for a 

medium with arbitrary anisotropy. Numerically computing 

the phase velocities for any arbitrarily anisotropic medium 
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from the Christoffel equation and then computing the group 

velocities and angles using equations (5) and (6) will 

therefore allow extending the methodology described here 

for a general anisotropic medium. 

 

Figure 1: Pictorial representations of phase slowness vector 

P, group velocity vector Vg, phase angle θ, and group angle 

φ in an anisotropic medium. 

 

Ray-based offset-to-angle transform 

 

Consider a stack of layers as shown in Fig. 2. The offset 

OA for any given group angle θ can be calculated by ray 

tracing the incident ray-path upward through each layer 

from the given time sample (P) to the source and receiver 

locations (A) and by summing the distances from source to 

reflecting point and from reflecting point to receiver 

location. For horizontal layers and for surface sources and 

receivers, the P-P ray-paths from the reflecting point to the 

source is exactly same as that to the receiver and therefore 

it is necessary to calculate only one of them. For dipping 

layers, or for P-SV reflections, or for sources and receivers 

located at different depths, they are however different, and 

will require separate computations for each side. Also note 

that that in an anisotropic medium, while the travel-times 

and ray-path lengths are calculated from the group velocity 

and group angle, to refract the rays from one layer to 

another, it is necessary use equations (3)-(6) to obtain the 

corresponding phase velocities and angles. 

 

From any time sample and for a given group angle, we 

therefore calculate the group-velocity immediately above 

the sample. We also calculate the ray-parameter 

corresponding to the given value of the angle. We then 

calculate the ray-path length, horizontal offset, and travel 

time for the layer above the sample. As the ray hits an 

interface with different material properties, we then 

calculate the corresponding phase velocity and angle, and 

refract the ray across by preserving the value of the ray-

parameter. After refraction, we calculate the group velocity 

and angle for the new layer and continue this procedure to 

the source and receiver locations. Summing the travel-time, 

ray-path length, and horizontal offset from different 

segments during such ray-tracing gives the total travel-

time, ray-path length, and horizontal offset. Note that for 

dipping layers, the dip angles must also be taken into 

consideration in addition to the computed ray-parameter to 

correctly refract rays across each interface. Once these 

local dips are correctly factored into the ray-parameter, we 

can apply the same procedure to compute an offset-to-angle 

transform for a stack of dipping layers. 

  

As we work with NMO uncorrected offset gathers, to 

partially stack over the angle mutes, we not only need the 

offsets, but we also need the corresponding times for those 

offsets. For a given group angleθ, we therefore calculate 

the travel-time, horizontal offset, and ray-path using the 

above procedure. In addition, we also calculate horizontal 

offsets and times for a few more angles that are close toθ 

and are within the mute zone. As shown in Fig.2, the ray-

paths PB and PC are such neighboring ray-paths of PA with 

angles that are close to θ. As we ray-trace from a given 

time sample say n∆t, the computed offset values OA, OB 

and OC will not necessarily fall on any given offset sample 

on the input data. This is also true for the calculated travel-

times BB1, AA1, and CC1 (see Fig. 2).  However, we can 

use these calculated offsets (OA, OB, and OC) and 

corresponding travel-times (BB1, AA1, and CC1) and 

locally fit a polynomial and use this polynomial to find the 

times for the corresponding offsets in the data that lie 

within this mute zone. These time samples can then be 

stacked and moved to zero-offset time to get the 

corresponding sample in angle domain. Repeating this 

procedure for all time samples and for all desired values of 

angles will give us the angle-gather. Note that our local 

polynomials are in general different for different angles and 

therefore correctly handles angle-dependent velocity 

variations due to anisotropy. 
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A crucial step in our methodology is the accuracy of the 

polynomial fitting used to get the exact time samples over 

the mute zones. We believe that a constrained cubic spline 

works best for our purpose. In the examples shown here, 

we used constrained cubic spline interpolation to calculate 

the travel-times for the range of offsets lying within each 

mute zone. For best results, the given offset values should 

be spread uniformly in the mute zone. Alternatively, we 

can choose the neighboring angle values while ray-tracing 

in such a way that the calculated offsets fall evenly in the 

mute zone. This gives an optimum performance of the 

constrained cubic-spline interpolation. We have also found 

that using five closely spaced rays gives the most accurate 

result. Relative merit/demerit of different interpolation 

methods for offset-to-angle transform in an anisotropic 

medium will be discussed later in a separate paper.    

 

 
 

Figure 2: Steps involved in an offset-to-angle transform. 

For a given two-way zero offset travel time (point P) and a 

given angle (θ), the corresponding ray-path length (PA), 

travel time (AA1), offset (OA), and the angle mute (XY) is 

shown. For neighboring angle values within the mute zone 

for which the travel-times and offsets are required for a 

local polynomial fitting are also shown.   

 

Synthetic examples 

 

Fig. 3 shows synthetic data computed for a three-layer 

anisotropic model. Fig. 3(a) is the model. Although the P- 

and S-wave velocities (VP and VS) and density are shown, 

the model is actually VTI with non-zero values of ε andδ. 

Fig. 3(b) is the P-P synthetic angle-gather generated from 

the offset data using a conventional NMO based method 

and Fig. 3(c) is the corresponding P-P synthetic angle-

gather from our new ray-based approach. The P-S synthetic 

angle-gather from ray-based method is shown in Fig 3(d). 

Notice that P-S angle gather is shown in two-way P-P time, 

not in P-S time. One advantage of the ray approach is the 

fact that it is straightforward to show converted-wave data 

in P-wave time. This allows a convenient way to jointly 

analyze primary and converted-wave data. Also, in order to 

see the mode-converted events clearly in Fig. 3(d), their 

amplitudes are magnified by a factor of 10 compared to the 

corresponding P-P gathers. 

 

Figure 3: (a) Three-layer model (b) P-P angle-gather using 

conventional method (c) P-P angle-gather using new 

method (d) P-S angle gathers using new method. P-S 

amplitudes are magnified by a factor of 10 compared to the 

P-P amplitudes. 
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Figure 4: (a) Multilayer earth model (b) P-P angle-gather 

using conventional method (c) P-P angle-gather using new 

method. 

 

Fig. 4 shows synthetic data computed for a multilayer 

anisotropic model. Fig. 4(a) is the model. Similar to Fig. 

3(a), only the isotropic parts of the model is shown. Fig. 

4(b) is the P-P angle-gather from conventional method and 

Fig. 4(c) is the angle-gather from the ray-based approach.  

 

Discussion 

 

Examples shown in Figures 3 and 4 clearly demonstrate the 

superiority of the ray-based offset-to-angle transformation 

compared to a conventional approach. Notice that the P-P 

events in the three-layer example from the conventional 

method are bent downwards with increasing angles, and for 

the multilayer case they are bent upwards (Figures 3b and 

4b). While such bending of events are controlled the choice 

of the VTI parameters / and δ, the reason for this bending 

is the increasing inaccuracy of the NMO equation for large 

offsets. By computing the exact travel-times through ray-

tracing, we are able to drastically improve the quality of the 

computed angle gathers. NMO equations for the mode-

converted reflections are complex even for an isotropic 

medium. By accurately computing the mode-converted 

travel-times, not only we have computed accurate angle 

gathers but we have also shown a convenient way of 

displaying them in P-wave times (Figure 3d) so that they 

can be jointly compared with P-P reflections in an 

AVO/AVA analysis. Waveform based inversions are now 

rapidly emerging as valuable tools for predicting 

subsurface lithology and fluid properties. Our ray-based 

offset-to-angle transforms could be directly incorporated 

into such inversions. As discussed, it is straightforward to 

account for dips and any arbitrary anisotropy into our 

transform methodology. Starting with an initial model of 

dipping anisotropic layers, we can iteratively compute 

angle domain responses using our method and match with 

corresponding full-waveform synthetic angle-gathers to 

invert observed seismic data for a stack of dipping 

anisotropic layers. Convenience of obtaining both primary 

and mode-converted data in two-way P-P travel-times 

allows investigating the possibility of using such a method 

for both single (P-wave) and multicomponent waveform 

inversions. 

 

Conclusions 

 

Computing an accurate angle-gather is crucial to predicting 

subsurface lithology and fluid properties from seismic data. 

While a conventional NMO based offset-to-angle transform 

is increasingly inaccurate with increasing angles, ray-based 

method allows accurate calculation of angle-gathers at 

large angles. Computing accurate converted wave angle-

gathers in P-wave times allows a convenient way for joint 

analysis of primary and mode-converted reflection 

responses in AVO/AVA. Although we demonstrate our 

methodology for horizontally stratified VTI medium, it can 

be easily extended to arbitrarily anisotropic dipping layers. 

Finally, it is straightforward to incorporate our technique 

into a waveform inversion scheme to invert observed 

single- or multicomponent seismic data for a stack of 

dipping anisotropic layers. 
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