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Summary 

 
Modeling of discontinuities (fractures, joints, fault planes) is of major importance to assess the geomechanical behavior of oil 

and gas reservoirs. A methodology is developed in extended finite element method (XFEM) to analyze the behaviour of pre-

existing multiple intersecting discontinuities or joints in rock material. This XFEM procedure allows the representation of 

intersecting discontinuities independently of the mesh. Discontinuities approximation is constructed in terms of a Heaviside 

functions which require additional unknowns to capture displacement jump across joints. The paper analyzes behavior of a 

rock sample having a discontinuity plane under uniaxial loading and compares displacement and stress with existing 

theoretical solution. Uniaxial loading example involving multiple joints (inclined, parallel and intersecting) are presented to 

demonstrate the accuracy and robustness of the proposed procedure. Our formulation and algorithm are general in nature 

and can handle complex geometrical problems with different loading conditions. 
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Introduction 

 

Geomaterial encountered in the context of geotechnical 

engineering, usually consists of natural fracture planes 

such as bedding planes, faults, joint and other mechanical 

defects which, although formed from a wide range of 

geological process, possess the common characteristics of 

low shear strength, negligible tensile strength and jump in 

displacement field across them. During application of 

either mechanical or environmental loading, fracture 

planes can exhibit delamination leading to the loss of 

continuity in the mechanical and kinematic response which 

is very common problem encountered in many 

geotechnical engineering applications such as petroleum 

extraction, carbon capture and storage and deep 

geothermal reservoirs. While the study of fracture is 

important in examining the overall behaviour of structure 

made in geomaterial and geomaterial composites, the study 

of the behaviour of discontinuity is perhaps of greater 

importance in view of the complexities of constitutive 

behaviour that commonly accompanies their mechanical 

behaviour. Mechanical response of such fracture plane 

under gravitational or other kind of loading conditions is 

the on-going research need in geomechanics and 

geotechnical engineering dealing with rock material. With 

either single or multiple discontinuities, the ability of a 

fracture to transfer loads can control the stability and 

deformability of the structure. Examples in this regard can 

include uniaxial/triaxial compression of jointed rock 

sample, the behaviour of tunnels, slopes, mineral 

extraction from fractured rock mass and so on. 

 

The modelling of discrete discontinuities in the FEM 

framework was put forward by several authors over the 

past year. FEM with interface elements is widely used 

approach for geotechnical engineering and first proposed 

as zero-thickness elements or Goodmans’s joint elements 

[7]. It has attracted attention many researchers because of 

its simple implementation procedure in FEM framework. 

However, within this approach joints need to be align with 

finite element mesh if their explicit representation is 

considered and remeshing require in case of evolving 

boundaries. A special class of FEM based on partition of 

unity property of finite element shape functions, often 

called ‘extended finite element method (XFEM)’, has been 

especially developed for fracture analysis in engineering 

materials with minimal or noremeshing [9, 2, 12]. Since 

only the nodes belonging to the elements cut by 
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discontinuity are enriched, the number of additional degree 

of freedom for the enrichment is significantly reduces. 

The XFEM concept has been employed for complex 

geometries, for example, multiple branched and 

intersecting cracks, [3] and three-dimensional cracks [10]. 

Additionally, XFEM has been applied to other problems 

dealing with discontinuities, for example, a contact 

problem with friction [8]. Deb and Das [6] employed the 

method for jointed rock masses to avoid numerical 

difficulties caused by interface elements and extended by 

[11] for hydraulic fracturing problem. To the best of our 

knowledge, there are only a few studies that have applied 

the XFEM to multiple discrete intersecting joints. This 

paper extends the concept of XFEM by incorporating 

multiple rock joints with partial modification. A standard 

weak formulation method is used for developing the 

discrete equations. Multiple preexisting intersecting joints 

can be considered. Nodes of an element enriched for joints 

as well as for their interaction and stiffness matrix has been 

derived. The efficiency of the proposed procedure has been 

performed by solving well known uniaxial loading 

problem with single as well as multiple joints (inclined, 

parallel and intersecting). The examples show that the 

proposed method can produce results in strong agreement 

with reference solutions hence applicable in discontinuous 

geomaterial. 

 

Governing Equations 

 

Consider a domain Ω bounded by Γ shown in Figure 1 with 

rock joints Γα
d (points in 1-D, curves or lines in 2-D and 

planes or surfaces in 3-D), each of which represents a 

dislocation α, for all α = 1,2,...,m, and m is the number of 

discontinuities. Domain having two rock joints is shown in 

Figure 1. The equilibrium equations and boundary 

conditions for a body Ω with body forces f can be 

summarized by 

 
 

where ∇s(·) is the symmetric part of the gradient operator, 

σ is the stress tensor, u¯ is the prescribed displacement 

vector on the essential boundary Γu, ¯t is the prescribed 

traction vector on the natural boundary Γt and n is the 

outward normal vector and nα is the unit normal vector to 

the αth joint (pointing towards Ω+
α). 

 

 
Figure 1: Domain of definition and notation 

 

Displacement field for Multiple Discontinuities 

with Interactions 

 

We extend the idea for multiple non-intersecting 

discontinuities to intersecting discontinuities. The method 

presented here is applicable for m number of 

discontinuities with n number of intersections. The 

displacement field u(x) supporting intersecting 

discontinuities over the body Ω can be as 

 
where decomposed displacements ur is the regular, uα

j is 

the enriched (for αth discontinuity) and γα
j is the interaction 

term (for αth discontinuity) respectively. HΓ
α

d and JΓ
α

d are 

Heaviside and Junction function respectively defined for 

each α = 1,2,3,..,m as 

 

 
 

where α1 and α2 denote two discontinuities of the αth 

junction. In the above formulation, the first term of the 

righthand side corresponds to a standard FEM 

approximation and the second term corresponds to 

multiple discontinuities whereas the third term exists for 

junction intersections. Thus, the approximation of the 

displacement u(x) consists of nodal unknowns ur, uα
j (α = 

1,2,3,..,m), and γj
α (α = 1,2,3,..,n). 
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Extended Finite Element Method for Multiple 

Intersecting Joints 

 

In this section, we briefly discuss about weak form of gov-  

erning equations (1) and then we present the discretization 

scheme for constructing an algebraic equation.  

 

 
Figure  2:  Example  of  enrichment  scheme  (a)  Heaviside  

function  for  joint  1,  (b)  Heaviside  function  joint  2 and (c) 

Junction function for interaction of joint 1 and 2.  The enriched 

functions give 1 in a region colored gray and 0 in a region colored 

white. 

 

Weak formulation  

 

Weak form finite element equations are formulated 

consider- ing external traction and body forces.  General 

formulation concept  is  enhanced  using  following  

additions  (i)  external traction force can be applied on any 

arbitrary boundary in- cluding discontinuity (see Figure 1) 

and (ii) multiple inter- secting joints (discontinuities) are 

also considered.  Follow- ing  the  standard  procedures,  

the  governing  Equations  (1) will  be  cast  in  a  ‘weak  

form’.   The  space  of  trial  displacements is defined by 

the function 

  

After the integration by parts has been applied, the weak 

form of equation (1) can be written as 

 
 

Discretized Equations 

The gradient of the variations ur, uα
j and can be written 

in a discretized form as 

 
 

 
 

From Equation (7a), (7b) and (7c) the equivalent nodal 

forces corresponding to variations of the regular degrees of 

freedom qr and to the enhanced degrees of freedoms qα
j and 

qα
γ can be respectively written as 

 
 

The stress increment in the element can be expressed in 

terms of nodal displacement increment as 

 
 

where De relates the instantaneous stress and strain tensor. 

Similarly, the incremental traction forces at the rock joint 

can be expressed in terms of the enhanced nodal 

displacement increment as 
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where ke
j relates the instantaneous traction pressure and 

joint closure/opening. The formulation of matrix ke
j is 

shown in the next section. Substituting the stress and 

traction increments into the discretised form of the virtual 

work Equation (7), leads to in matrix form as (for α = 

1,2,...m & 1,2,...n) 

 
where 

 
 

are external applied forces and 

 

 
  

Integration and Parallel Implementation 

 

The above XFEM numerical procedure is implemented for 

the 3 and 6 noded triangular elements. Numerical 

integration is performed with standard gauss quadrature 

integration scheme for regular elements and subdivisional 

integration scheme is adopted for enriched elements. 

Currently, we have implemented for only linear elastic and 

isotropic analysis. Code has been developed in PetSc MPI 

environment and used KSP solver [1]. 

 

 

 

 

Numerical Examples 

 

We demonstrate the examples to verify and show 

application of the proposed method. The first example 

considered for single joint whereas the second example 

considered multiple (inclined, parallel and intersecting) 

joints to validate the linear elastic deformation problem 

including displacement discontinuities. In both the 

examples, results are compared with existing analytical 

solutions. All test cases assume a plane strain condition, 

and gravity is neglected. However, our formulation and 

algorithm will work fine for complex geometries with all 

possible loading conditions (including gravitational). 

 

Single joint plane under uniaxial load 

 

This example considers a rock sample under uniaxial load 

with pre-existing discrete joint plane intersected at an 

angle β (Figure 3) and purposes to verify the proposed 

methodology of displacement field and fracture strength of 

the sample. The rock sample has a height of 10 cm and a 

width of 5 cm. The rock medium has elastic modulus of 5 

GPa, Poisson ratio of 0.25, cohesion of 2 MPa with friction 

angle of 30 . The bottom surface of rock specimen is fixed 

vertically (free slip along x direction) and the axial loading 

in terms of pressure is applied on top of the rock sample. 

The normal and shear stiffness of the joint plane are 

considered to be 100 GPa/m. It is required to estimate the 

maximum load that can be applied before the joint starts to 

slip. 

 

Using XFEM code developed at IBM IRL, jointed rock 

sample shown in Figure 3 is analyzed for 12 different 

values of β. Sixty four 3-noded triangular elements are 

developed having 45 nodes as shown in Figure 3. Figure 4 

shows the vertical displacement profile along the line AA0 

when the joint lies horizontally (β = 0) obtained from 

XFEM solution. Vertical displacement is fixed at the lower 

boundary and gradually increases until the joint is located. 

After the displacement jump, it again gradually increases 

and reaches a maximum at the top where the load is 

applied. Simulated XFEM results agree well with both the 

analytical solutions (variational and theoretical). For 

details of analytical solution, reader may see [4]. Figure 5 

depicts that fracture strengths obtained from the XFEM 

solution are in good agreement with those of the analytical 

solution [5] for different β just at the time of the slip of 

joint. It can be seen that the peak strength of the sample is 

affected by the joint plane if the angle of inclination falls 

within φj to 90o. 
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Figure 3: Mesh of jointed rock sample with single joint 

 

 
Figure 4: Displacement profile with a single joint 

 

Multiple discontinuity planes under uniaxial 

load 

 

In this example, a similar model is considered but with 

multiple joints passing through finite element mesh 

different ways to examines the influences of 

discontinuities (inclined, parallel and intersecting). 

Material properties and boundary conditions are kept same 

to the above example. Joint normal and shear stiffness are 

also kept same for all cases.  

 

 
Figure 5: Comparison of rock mass strength obtained from 

analytical solution and XFEM analysis 

 

Inclined joints passing through different FE 

 

In this example, two inclined joints passing through 

different FE mesh considered as shown in Figure 6(left). It 

may be noted that penetration by the upper blocks into the 

lower blocks is not restricted for the present analysis. 

Figure 6(right) illustrates a simulated deformed FE mesh 

of the jointed rock sample. It can be seen that feedbacks 

between all displacements lead to a concentration of the 

largest displacement above upper joint. The vertical 

displacement profile along AB line for two joints (Joint 1 

and 2 combined) are shown in Figure 7. It can be seen that, 

the simulated results are in good agreement with 

theoretical results. 

 

 
Figure 6: FE mesh of Inclined jointed rock under uniaxial load 

(left) and deformed simulation FE mesh (right) (overlapping is 

allowed, 20 magnification) 
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Figure 7: Vertical displacement distribution along AB line shown 

in Figure 6 

 

Parallel joints passing through same FE 

 

In this example, two parallel joints passing through same 

FE mesh considered as shown in Figure 8(left). Figure 

8(right) illustrates a simulated deformed FE mesh of the 

jointed rock sample. The vertical displacement profile 

along AB line for two joints within an element (Joint 1 and 

2 combined) are shown in Figure 9. The vertical 

displacement jumps of both the joints are shown inset of 

the Figure 9 and compared with the theoretical solution [4] 

which show the efficacy of our developed procedure. 

 

 
Figure 8:  FE mesh of parallel jointed rock under uni- axial  load  

(left)  and  deformed  simulation  FE  mesh (right) (overlapping 

is allowed, 20 magnification) 

 

Arbitrary intersecting joints  

 

Geometric layout of the example is shown in Figure 

10(left). The  rock  block  contains  junction  intersection  

joints  (Joint 1  and  Joint  2).  To  the  author knowledge,  

no  theoretical solution  is  available  for  the  case  of  

intersected  discontinu- ities,  and  so  right  now  we  can  

not  validate  the  simulation results.   Because  we  utilize  

constant  fracture  stiffness,  an overlap  of  elements  across  

discontinuities  is  possible.   Fig- ure  10(right)  illustrates  

a  simulated  deformed  geometry  of the jointed rock. It  

 

 
Figure  9:   Vertical  displacement  distribution  along AB line 

shown in Figure 6 

 

 
Figure 10: FE mesh of intersecting jointed rock under uniaxial 

load (left) and deformed simulation FE mesh (right) (overlapping 

is allowed, 20 magnification) 

 

can be seen that feedbacks between all displacements lead 

to a concentration of the largest displacement above Joint 

2. It may be noted that penetration by the upper blocks into 

the lower blocks is not restricted for the present analysis. 

This model shows the efficacy of XFEM for the analysis 

of multiple joints. 

 

Conclusion and future work 

 

In this study, a new multiple cohesive joints analysis in 

XFEM framework in two-dimensional space has been 

developed by using global enrichment techniques. The 

method is developed based on partition of unity as shape 

function of nodes. Strong displacement discontinuities 
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occurred due to the presence of rock joints and are 

formulated with ‘Heaviside function’ for incorporating 

with regular displacement field. The scheme supports 

intersections of multiple discontinuities. The method has 

been tested with uniaxial loading problems having single 

as well as multiple joints (inclined, parallel and 

intersecting) and shows good agreement with theoretical 

solutions. Hence, these imply that XFEM procedure 

outlined in this paper is applicable for the analysis of 

multiple intersecting rock joints considering strong 

discontinuity in the displacement field. In future, we will 

investigate applicability of the method to elastoplastic 

deformation of jointed rock mass hydraulic fracturing and 

its extensions to three-dimensional space. 
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